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QUANTUM TOROIDAL ALGEBRA ASSOCIATED WITH glm|n
L. BEZERRA AND E. MUKHIN
Abstract. We introduce and study the quantum toroidal algebra Em|n(q1, q2, q3) associated with
the superalgebra glm|n with m 6= n, where the parameters satisfy q1q2q3 = 1.
We give an evaluation map. The evaluation map is a surjective homomorphism of algebras
Em|n(q1, q2, q3) → U˜q ĝlm|n to the quantum affine algebra associated with the superalgebra glm|n
at level c completed with respect to the homogeneous grading, where q2 = q
2 and qm−n3 = c
2.
We also give a bosonic realization of level one Em|n(q1, q2, q3)-modules.
1. Introduction
Quantum toroidal algebras were introduced in [GKV] motivated by the study of Hecke operators
in algebraic surfaces. Since that time, the quantum toroidal algebras, especially those associated
with gln, were found to have many applications in geometry, algebra, and mathematical physics.
We list a few facts involving quantum toroidal algebras of type A. The quantum toroidal algebras
appear as Hall algebras of elliptic curves, [BS], [SV1], they also act on equivariant K-groups of Hilbert
schemes and Laumon moduli spaces, [FT], [SV2], [T1]. The quantum toroidal algebras are natural
dual objects to double affine Hecke algebras, [VV1]. The quantum toroidal algebras provide integrable
systems of XXY-type, among them is a deformation of quantum KdV flows, [FJM1]. Characters of
representations of quantum toroidal algebras appear in topological field theory, [FJMM1], AGT
conjecture, [AFS]. The full list is much longer.
In this paper, we introduce the quantum toroidal algebras Em|n(q1, q2, q3) related to the superalge-
bras glm|n, with m 6= n and standard parity, and initiate their study. In our mind, this subject is long
overdue. We expect these algebras to have many properties similar to the quantum toroidal algebras
Em|0(q1, q2, q3) associated with glm which can be used in similar way, but with various new features
occurring due to the supersymmetry. In particular, our future goal is to study the corresponding
integrable systems.
We start by introducing the algebras Em|n(q1, q2, q3) with m 6= n and standard parity. As in the
even case, they depend on the complex parameters q1, q2, q3 such that q1q2q3 = 1. We require that
the algebra Em|n(q1, q2, q3) has a “vertical” quantum affine subalgebra Uq ĝlm|n in the new Drinfeld
realization, a “horizontal” quantum affine subalgebra Uq ŝlm|n given in Chevalley generators, and a
symmetry with respect to the parity change, see (2.23). We always have q2 = q
2. This leads us to
the generators and relations presentation of Em|n(q1, q2, q3), see Definition 2.1. Naturally, the algebra
Em|n(q1, q2, q3) is generated by currents Ei(z), Fi(z), and half currents K
±
i (z), i = 0, . . . , m + n − 1,
labeled by nodes of the affine Dynkin diagram of type ŝlm|n and standard parity, see Figure 1, and
the relations are written in terms of the corresponding Cartan matrix. Similar to the even case, the
quantum toroidal algebra Em|n(q1, q2, q3) has a two-dimensional center.
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Then we note a few properties, including some isomorphisms and a topological Hopf algebra
structure, see Sections 2.3, 2.4. After that, we use bosonization techniques to construct level one
representations of Em|n(q1, q2, q3), see Theorem 3.3. Our formulas are built on work [KSU] and
generalize the known result in the even case [S]. We expect that the irreducible level one modules
stay irreducible when restricted to the vertical Uq ĝlm|n algebra. However, unlike the even case, the
precise structure of irreducible level one modules for the quantum affine glm|n is not fully understood,
see [KSU], [K2], and Conjecture 3.5.
Finally, we proceed to the evaluation map. The evaluation map is a surjective algebra homomor-
phism Em|n(q1, q2, q3) → U˜q ĝlm|n to the quantum affine algebra at level c completed with respect to
the homogeneous grading, where qm−n3 = c
2, see Theorem 4.1. The evaluation map has the property
that its restriction to the vertical subalgebra is the identity map. In the even case, the evaluation
map was found in [M2], see also [FJM2].
Many results for Em|n(q1, q2, q3) need to be established, and we plan to address it in the follow-
up papers. In particular, similar to the even case, we expect to obtain the Miki automorphism,
see [M1], the shuffle algebra realization, see [N], the PBW type theorem, see [T2], the category O,
see [FJMM1], the fusion subalgebras, see [FJMM2], the integrable systems and Bethe ansatz, see
[FJMM3] with proper modifications.
In the supersymmetric case the Dynkin diagram of an algebra is not unique. It is straightforward
to generalize our definition to other Dynkin diagrams associated with ŝlm|n. We expect that it gives
the same algebra. Moreover, one can generalize the definition of quantum toroidal algebras to other
superalgebras in a similar fashion. In fact, quantum toroidal algebra related to the superalgebra
D(2,1,α) appeared implicitly in [FJM3].
The paper is organized as follows. In Section 2 we define the quantum toroidal algebra associated
with glm|n and give a few properties. In Section 3 we describe level 1 modules. In Section 4 we give
the evaluation map. In Appendix 4.1 we collect some useful commutation relations. In Appendix B
we describe our conventions for the algebra Uqŝlm|n.
Acknowledgments. This work was partially supported by a grant from the Simons Foundation
#353831. L.B. was supported by the CNPq-Brazil grant 210375/2014-0.
2. Quantum toroidal glm|n
Assume m,n ≥ 1 and m 6= n.
In this section we introduce the quantum toroidal algebra associated with glm|n, denoted by Em|n,
and collect a few properties.
2.1. Definition of Em|n. Fix d, q ∈ C
× and define
q1 = d q
−1, q2 = q
2, q3 = d
−1q−1.
Note that q1q2q3 = 1. Assume q
n1
1 q
n2
2 q
n3
3 = 1, n1, n2, n3 ∈ Z, iff n1 = n2 = n3. Fix also d
1/2, q1/2 ∈
C× such that (d1/2)2 = d, (q1/2)2 = q.
Let I = {1, . . . , m+ n− 1}. Let Iˆ+ = {1, . . . , m− 1}, Iˆ− = {m+ 1, . . . , m+ n− 1}, Iˆ1 = {0, m}
and Iˆ = Iˆ+ ∪ Iˆ− ∪ Iˆ1. In particular, if n = 1, we have Iˆ− = ∅, and if m = 1, Iˆ+ = ∅. The elements
in these sets are to be read modulo m+ n.
QUANTUM TOROIDAL ALGEBRA ASSOCIATED WITH glm|n 3
Let Aˆ = (Ai,j)i,j∈Iˆ be the Cartan matrix of ŝlm|n and A = (Ai,j)i,j∈I be the Cartan matrix of slm|n,
both with the standard choice of parity. Namely, the odd simple roots correspond to i ∈ Iˆ1 = {0, m}.
We set |i| = 1, i ∈ Iˆ1, and |i| = 0 otherwise. We have det(A) = m− n 6= 0, det(Aˆ) = 0.
For i ∈ Iˆ+ ∪ {m}, let Mi−1,i = −1,Mi,i−1 = 1. For j ∈ Iˆ
− ∪ {0}, let Mj−1,j = 1,Mj,j−1 = −1. Let
also Mi,j = 0, if i 6= j ± 1. Define the matrix Mˆ = (Mi,j)i,j∈Iˆ . We have
Aˆ =

0 −1 1
−1 2 −1
−1
. . .
. . .
. . . 2 −1
−1 0 1
1 −2
. . .
. . .
. . . 1
1 1 −2

, Mˆ =

0 −1 −1
1 0 −1
1
. . .
. . .
. . . 0 −1
1 0 1
−1 0
. . .
. . .
. . . 1
1 −1 0

.
m m
m
0
Note that Aˆ is symmetric and Mˆ is skew-symmetric.
Definition 2.1. The quantum toroidal algebra associated with glm|n is the unital associative superal-
gebra Em|n = Em|n(q1, q2, q3) generated by Ei,k, Fi,k, Hi,r, and invertible elements Ki, C, where i ∈ Iˆ,
k ∈ Z, r ∈ Z×, subject to the relations (2.1)-(2.17) below. The parity of the generators is given by
|Ei,k| = |Fi,k| = |i| and 0 in all other cases.
The defining relations are given in terms of generating series
Ei(z) =
∑
k∈Z
Ei,kz
−k, Fi(z) =
∑
k∈Z
Fi,kz
−k, K±i (z) = K
±1
i exp
(
±(q − q−1)
∑
r>0
Hi,±rz
∓r
)
.
We use the notation [X, Y ]a = XY − (−1)
|X||Y |aY X. For simplicity, we write [X, Y ]1 = [X, Y ].
Let also δ (z) =
∑
n∈Z
zn.
The relations are as follows.
C,K relations
C is central, KiKj = KjKi,KiEj(z)K
−1
i = q
Ai,jEj(z), KiFj(z)K
−1
i = q
−Ai,jFj(z).(2.1)
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K-K, K-E and K-F relations
K±i (z)K
±
j (w) = K
±
j (w)K
±
i (z) ,(2.2)
dMi,jC−1z − qAi,jw
dMi,jCz − qAi,jw
K−i (z)K
+
j (w) =
dMi,jqAi,jC−1z − w
dMi,jqAi,jCz − w
K+j (w)K
−
i (z) ,(2.3)
(dMi,jz − qAi,jw)K±i (C
−(1±1)/2z)Ej(w) = (d
Mi,jqAi,jz − w)Ej(w)K
±
i (C
−(1±1)/2z) ,(2.4)
(dMi,jz − q−Ai,jw)K±i (C
−(1∓1)/2z)Fj(w) = (d
Mi,jq−Ai,jz − w)Fj(w)K
±
i (C
−(1∓1)/2z) .(2.5)
E-F relations
[Ei(z), Fj(w)] =
δi,j
q − q−1
(δ
(
C
w
z
)
K+i (w)− δ
(
C
z
w
)
K−i (z)) .(2.6)
E-E and F -F relations
[Ei(z), Ej(w)] = 0 , [Fi(z), Fj(w)] = 0 (Ai,j = 0) ,(2.7)
(dMi,jz − qAi,jw)Ei(z)Ej(w) = (−1)
|i||j|(dMi,jqAi,jz − w)Ej(w)Ei(z) (Ai,j 6= 0) ,(2.8)
(dMi,jz − q−Ai,jw)Fi(z)Fj(w) = (−1)
|i||j|(dMi,jq−Ai,jz − w)Fj(w)Fi(z) (Ai,j 6= 0) .(2.9)
Serre relations
Symz1,z2[Ei(z1), [Ei(z2), Ei±1(w)]q]q−1 = 0 (i 6∈ Iˆ
1) ,(2.10)
Symz1,z2[Fi(z1), [Fi(z2), Fi±1(w)]q]q−1 = 0 (i 6∈ Iˆ
1) .(2.11)
If mn 6= 2,
Symz1,z2[Ei(z1), [Ei+1(w1), [Ei(z2), Ei−1(w2)]q]q−1] = 0 (i ∈ Iˆ
1) ,(2.12)
Symz1,z2[Fi(z1), [Fi+1(w1), [Fi(z2), Fi−1(w2)]q]q−1] = 0 (i ∈ Iˆ
1) .(2.13)
If (m,n) = (2, 1),
Symz1,z2Symw1,w2[E0(z1), [E2(w1), [E0(z2), [E2(w2), E1(y)]q]]]q−1 =(2.14)
= Symz1,z2Symw1,w2[E2(w1), [E0(z1), [E2(w2), [E0(z2), E1(y)]q]]]q−1 ,
Symz1,z2Symw1,w2[F0(z1), [F2(w1), [F0(z2), [F2(w2), F1(y)]q]]]q−1 =(2.15)
= Symz1,z2Symw1,w2[F2(w1), [F0(z1), [F2(w2), [F0(z2), F1(y)]q]]]q−1 .
If (m,n) = (1, 2),
Symz1,z2Symw1,w2[E0(z1), [E1(w1), [E0(z2), [E1(w2), E2(y)]q]]]q−1 =(2.16)
= Symz1,z2Symw1,w2[E1(w1), [E0(z1), [E1(w2), [E0(z2), E2(y)]q]]]q−1 ,
Symz1,z2Symw1,w2[F0(z1), [F1(w1), [F0(z2), [F1(w2), F2(y)]q]]]q−1 =(2.17)
= Symz1,z2Symw1,w2[F1(w1), [F0(z1), [F1(w2), [F0(z2), F2(y)]q]]]q−1 .
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Note that
K :=
∏
i∈Iˆ
Ki
is a central element.
The relations (2.2)-(2.5) are equivalent to
[Hi,r, Ej(z)] =
[rAi,j]
r
d−rMi,jC−(r+|r|)/2 zrEj(z) ,(2.18)
[Hi,r, Fj(z)] = −
[rAi,j ]
r
d−rMi,jC−(r−|r|)/2 zrFj(z) ,(2.19)
[Hi,r, Hj,s] = δr+s,0 ·
[rAi,j]
r
d−rMi,j
Cr − C−r
q − q−1
,(2.20)
for all r ∈ Z×, i, j ∈ Iˆ, where [k] = q
k−q−k
q−q−1
.
The poles of the correlation functions of currents Ei(z) are depicted in Figure 1. For example,
the correlation function of E0(z)E1(w) has a pole at z = q1w, while the correlation function of
E1(z)E0(w) has a pole at z = q3w. The poles of the correlation functions of the currents Fi(z) are
obtained from the Figure 1 replacing q by q−1, i.e., q±11 is replaced by q
∓1
3 , and q
±1
3 by q
∓1
1 .
m+ n− 1 m+ 2 m+ 1
m− 121
0 m
q1
q3
q1
q3
q1
q3
q−11
q−13
q−11
q−13
q−11
q−13
Figure 1. Standard Dynkin diagram of type ŝlm|n.
2.2. Horizontal and vertical subalgebras. In this section, we define the horizontal and vertical
subalgebras of Em|n.
See Appendix B for the definitions of the quantum affine algebras Uq ŝlm|n and Uq ĝlm|n.
We denote the subalgebra of Em|n generated by Ei(z), Fi(z), Ki(z), C, i ∈ I, by U
ver
q ŝlm|n and we
call it the vertical quantum affine slm|n. If K0(z) is also included, the resulting subalgebra is denoted
by Uverq ĝlm|n and called the vertical quantum affine glm|n. Note that U
ver
q ŝlm|n, U
ver
q ĝlm|n are given
in new Drinfeld realization.
The current K0(z) does not commute with U
ver
q ŝlm|n. To obtain a current in U
ver
q ĝlm|n commuting
with Uverq ŝlm|n we proceed as follows.
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For each r ∈ Z×, det
(
[rAi,j ]d
−rMi,j
)
i,j∈Iˆ
= [r]m+n
(
dr(m−n) + dr(n−m) − qr(m−n) − qr(n−m)
)
6= 0.
Thus, the system ∑
i∈Iˆ
γi,r[rAi,j]d
−rMi,j = 0 (j ∈ I) ,(2.21)
has a one-dimensional space of solutions. The element Hverr =
∑
i∈Iˆ γi,rHi,r ∈ U
ver
q ĝlm|n commutes
with Uverq ŝlm|n ⊂ U
ver
q ĝlm|n. Such element is unique up to scalar. We fix a normalization by requiring
γ0,r = 1, r ∈ Z<0, and
[Hverr , H
ver
s ] = δr+s,0[(n−m)r]
1
r
Cr − C−r
q − q−1
.
Set Hver(z) =
∑
r∈Z× H
ver
r z
−r.
Lemma 2.2. The subalgebra Uverq ĝlm|n is isomorphic to Uq ĝlm|n.
Proof. We have a homomorphism v : Uq ĝlm|n → Em|n given by
x+i (z) 7→ Ei(d
−iz), x−i (z) 7→ Fi(d
−iz), ki(z) 7→ Ki(d
−iz) (i ∈ Iˆ+ ∪ {m}) ,
x+j (z) 7→ Ej(d
−2m+jz), x−j (z) 7→ Fj(d
−2m+jz), kj(z) 7→ Kj(d
−2m+jz) (j ∈ Iˆ−) ,
c 7→ C, h(z) 7→ Hver(z) .
The evaluation map constructed in Theorem 3.3 produces a left-inverse of v, see Lemma B.1. Thus,
v is an embedding with image Uverq ĝlm|n. 
We denote the subalgebra of Em|n generated by Ei,0, Fi,0, Ki, i ∈ Iˆ, by U
hor
q ŝlm|n and we call it the
horizontal quantum affine slm|n. Note that U
hor
q ŝlm|n is given in Drinfeld-Jimbo realization.
We have a homomorphism h : Uq ŝlm|n → Em|n given by
ei 7→ Ei,0 , fi 7→ Fi,0 , ti 7→ Ki (i ∈ Iˆ) ,
and its image is Uhorq ŝlm|n.
Conjecture 2.3. The homomorphism h : Uq ŝlm|n → Em|n is injective. In particular, U
hor
q ŝlm|n is
isomorphic to Uq ŝlm|n.
2.3. Isomorphisms. In this section, we list some isomorphisms involving superalgebra Em|n. In all
cases, it is easy to check that the maps are even, invertible and respect the defining relations.
For a ∈ C×, the shift of spectral parameter
sa : Em|n → Em|n,
is defined by
sa(Ei(z)) = Ei(az), sa(Fi(z)) = Fi(az), sa(K
±
i (z)) = K
±
i (az), sa(C) = C (i ∈ Iˆ).
For each j ∈ Iˆ, we have
χj : Em|n → Em|n,
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defined by
χj(Ei(z)) = Ei(z)z
−δi,j , χj(Fi(z)) = Fi(z)z
δi,j , χj(K
±
i (z)) = C
∓δi,jK±i (z), χj(C) = C (i ∈ Iˆ).
The following isomorphisms change the parameters of the algebra.
The diagram isomorphism
σ : Em|n(q1, q2, q3)→ Em|n(q3, q2, q1),(2.22)
defined by
σ(Ei(z)) = Em−i(z), σ(Fi(z)) = Fm−i(z), σ(K
±
i (z)) = K
±
m−i(z), σ(C) = C (i ∈ Iˆ),
changes d to d−1.
The change of parity isomorphism
τ : Em|n(q1, q2, q3)→ En|m(q
−1
3 , q
−1
2 , q
−1
1 ),(2.23)
defined by
τ(Ei(z)) = E−i(z), τ(Fi(z)) = F−i(z), τ(K
±
i (z)) = −K
±
−i(z), τ(C) = C (i ∈ Iˆ),
changes q to q−1.
We have σ2 = τ 2 = Id.
2.4. Hopf superalgebra structure. The superalgebra Em|n has a topological Hopf superalgebra
structure given on generators by
∆Ei(z) = Ei(z)⊗ 1 +K
−
i (z)⊗Ei(C1z),
∆Fi(z) = Fi(C2z)⊗K
+
i (z) + 1⊗ Fi(z),
∆K+i (z) = K
+
i (C2z)⊗K
+
i (z),
∆K−i (z) = K
−
i (z)⊗K
−
i (C1z),
∆C = C ⊗ C,
ε(Ei(z)) = ε(Fi(z)) = 0, ε(K
±
i (z)) = ε(C) = 1,
S(Ei(z)) = −
(
K−i (C
−1z)
)−1
Ei(C
−1z),
S(Fi(z)) = −Fi(C
−1z)
(
K+i (C
−1z)
)−1
,
S(K±i (z)) =
(
K±i (C
−1z)
)−1
, S(C) = C−1,
where C1 = C ⊗ 1, C2 = 1 ⊗ C. The maps ∆ and ε are extended to algebra homomorphisms, and
the map S to a superalgebra anti-homomorphism, S(xy) = (−1)|x||y|S(y)S(x). Note that the tensor
product multiplication is defined for homogeneous elements x1, x2, y1, y2 ∈ Em|n by (x1⊗y1)(x2⊗y2) =
(−1)|y1||x2|x1x2 ⊗ y1y2 and extended to the whole algebra by linearity.
The vertical subalgebras Uverq ŝlm|n and U
ver
q ĝlm|n are Hopf subalgebras of Em|n.
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2.5. Grading. For each i ∈ Iˆ, the superalgebra Em|n has a Z-grading given by
degi(Ej,k) = δi,j , degi(Fj,k) = −δi,j,
degi(Hj,r) = degiKj = degi(C) = 0 (j ∈ Iˆ , k ∈ Z, r ∈ Z
×).
There is also the homogeneous Z-grading given by
degδ(Ej,k) = degδ(Fj,k) = k, degδ(Hj,r) = r, degδ(Kj) = degδ(C) = 0 (j ∈ Iˆ , k ∈ Z, r ∈ Z
×).
Thus the superalgebra Em|n has a Z
m+n+1-grading given by
deg(X) =
(
deg0(X), deg1(X), . . . , degm+n−1(X); degδ(X)
)
, X ∈ Em|n.
We call an Em|n-module V admissible if for any v ∈ V there exists an integer N = Nv such that
Xv = 0 for all X ∈ Em|n with degδ(X) > N .
We say an Em|n-module has level (k
ver, khor) if it has level kver as a Uverq ŝlm|n-module, and level
khor as a Uhorq ŝlm|n-module, i.e., if (C,K) acts as (q
kver , qk
hor
).
3. Level (1,0) modules, bosonic picture
In this section, we construct Em|n-modules of level (1, 0) using vertex operators.
3.1. Heisenberg algebra. Let H be the associative algebra generated by Hi,r, cj,r, i ∈ Iˆ, j ∈
Iˆ− ∪ {m}, r ∈ Z×, satisfying
[Hi,r, Hj,s] = δr+s,0 ·
[rAi,j][r]
r
d−rMi,j ,(3.1)
[ci,r, cj,s] = δi,jδr+s,0 ·
[r]2
r
,
[Hi,r, cj,s] = 0.
Note that (3.1) is equivalent to equation (2.20) with C = q.
Denote by H± the (commutative) subalgebra generated by Hi,r, cj,r with ±r > 0, i ∈ Iˆ , j ∈
Iˆ− ∪ {m}.
Let F be the Fock space generated by a vector v0 satisfyingH
+v0 = 0. Thus, F is a freeH
−-module
of rank 1
F = Hv0 = H
−v0.
Moreover, since det
(
[rAi,j]d
−rMi,j
)
i,j∈Iˆ
6= 0, F is an irreducible H-module.
3.2. Level (1,0) Em|n-modules. Let Qm|n be the slm|n root lattice and let C{Qm|n} be a twisted
group algebra of Qm|n generated by invertible elements e
α¯i , i ∈ I, satisfying the relations
eα¯ieα¯j =
{
(−1)〈α¯i|α¯j〉eα¯jeα¯i (i, j ∈ Iˆ+ ∪ {m}),
eα¯jeα¯i (i or j ∈ Iˆ−).
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Define ε : Iˆ × Iˆ → {±1} by
ε(i, j) =

(−1)〈α¯i|α¯j〉 (i > j ∈ Iˆ+ ∪ {m}),
(−1)1+δm,1 (i = 0, j ∈ Iˆ+ ∪ {m}),
1 (otherwise),
Let Qc be the integral lattice generated by elements ci, i ∈ Iˆ
− ∪ {m}, with bilinear form given by
〈ci|cj〉 = δi,j.
Define Q = Qm|n⊕Qc and extend the bilinear forms on Qm|n and Qc to Q by requiring 〈α¯i|cj〉 = 0.
Set also
〈
Λ¯
∣∣cj〉 = 0, for any glm|n weight Λ¯.
Let C[Qc] be the (commutative) group algebra of Qc and define C{Q} = C{Qm|n} ⊗ C[Qc].
For α =
∑
l∈I rlα¯l +
∑
k∈Iˆ−∪{m} skck ∈ Q, define
eα = (eα¯1)r1 · · · (eα¯m+n−1)rm+n−1(ecm)sm · · · (ecm+n−1)sm+n−1.
Then, {eα, α ∈ Q} is a basis of C{Q}.
Let Q˜ ⊂ Q be the sublattice of rank m+n generated by α¯i, α¯m+ cm, α¯j + cj− cj−1, i ∈ Iˆ
+, j ∈ Iˆ−,
and let C{Q˜} be the subalgebra of C{Q} spanned by eα, α ∈ Q˜.
Following [KW], a ŝlm|n weight Λ is a level 1 partially integrable weight if and only if Λ = Λi, i 6∈ Iˆ
1,
or Λ = (1− a)Λ0 + aΛm, a ∈ C.
Set
Λ˜ = Λ¯i (Λ = Λi, i ∈ Iˆ
+),
Λ˜ = Λ¯j −
m+n−1∑
i=j
ci (Λ = Λj, j ∈ Iˆ
−),
Λ˜ = aΛ¯m − a
m+n−1∑
i=m
ci (Λ = (1− a)Λ0 + aΛm, a ∈ C).
Given a level 1 partially integrable weight Λ, define the space
FΛ := F ⊗ C{Q˜}e
Λ˜.
Define an action of the algebras H and C{Q˜} on FΛ as follows.
For v ∈ F , α ∈ Q˜, set
x(v ⊗ eαeΛ˜) = (xv)⊗ eαeΛ˜ (x ∈ H),
eβ(v ⊗ eαeΛ˜) = v ⊗ (eβeαeΛ˜) (β ∈ Q˜).
In particular, FΛ is a free H
− ⊗ C{Q˜}-module of rank 1.
Introduce the zero-mode linear operators z±Hi,0 , q±αi,0, z±cj,0 , i ∈ Iˆ , j ∈ Iˆ− ∪ {m}, acting on FΛ
as follows.
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For v ⊗ eαeΛ˜ ∈ FΛ, with α =
∑
l∈I rlαl +
∑
k∈Iˆ−∪{m} skck, set
z±Hi,0(v ⊗ eαeΛ˜) = z±〈α¯i|α+Λ˜〉d±
1
2
∑
l∈I rlAi,lMi,lv ⊗ eαeΛ˜,
q±αi,0(v ⊗ eαeΛ˜) = q±〈α¯i|α+Λ˜〉v ⊗ eαeΛ˜,
z±cj,0(v ⊗ eαeΛ˜) = z±〈cj|α+Λ˜〉v ⊗ eαeΛ˜.
For i ∈ Iˆ and j ∈ Iˆ− ∪ {m}, let
H±i (z) =
∑
r>0
Hi,±r
[r]
z∓r,
c±j (z) =
∑
r>0
cj,±r
[r]
z∓r,
and define
Γ+i (z) = z exp
(
H−i (q
−1z)
)
exp
(
−H+i (z)
)
eα¯izHi,0 ,
Γ−i (z) = z exp
(
−H−i (z)
)
exp
(
H+i (q
−1z)
)
e−α¯iz−Hi,0 ,
C±j (z) = exp
(
±c−j (z)
)
exp
(
∓c+j (z)
)
e±cjz±cj,0 .
The following is proved by a direct computation.
Lemma 3.1. For i, j ∈ Iˆ, r ∈ Z×, we have
[Hi,r,Γ
±
j (z)] = ±
[rAi,j ]
r
d−rMi,jq−(r±|r|)/2zr Γ±j (z).(3.2)

Define the normal ordering by
: xrys :=
{
xrys (r < 0)
ysxr (r ≥ 0)
(xr, yr ∈ {Hi,r, ci,r}),
: Aeα :=: eαA := eαA (α ∈ Q,A ∈ {z±Hi,0 , q±αi,0 , z±cj,0}),
: eα¯ieα¯j := ε(i, j)eα¯i+α¯j (i, j ∈ Iˆ),
and extended inductively from right to left on larger products, e.g., : abc :=: a(: bc :) :.
Given two currents X(z), Y (w), we say that X(z)Y (w) has contraction 〈X(z)Y (w)〉 if
X(z)Y (w) = 〈X(z)Y (w)〉 : X(z)Y (w) : .
In this text, all contractions 〈X(z)Y (w)〉 are Laurent series converging to rational functions in the
region |z| ≫ |w|.
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Lemma 3.2. For i, j ∈ Iˆ, k, l ∈ Iˆ− ∪ {m} we have〈
Γ±i (z)Γ
±
i (w)
〉
=
(
(z − w)(z − q∓2w)
)Ai,i/2
,(3.3) 〈
Γ±i (z)Γ
±
j (w)
〉
= ε(i, j)
(
z − d−Mi,jq∓1w
)Ai,j
dAi,jMi,j/2 (i 6= j),(3.4) 〈
Γ±i (z)Γ
∓
i (w)
〉
=
(
(z − qw)(z − q−1w)
)−Ai,i/2
,(3.5) 〈
Γ±i (z)Γ
∓
j (w)
〉
= ε(i, j)
(
z − d−Mi,jw
)−Ai,j
d−Ai,jMi,j/2 (i 6= j),(3.6) 〈
C±k (z)C
±
l (w)
〉
= (z − w)δk,l ,(3.7) 〈
C±k (z)C
∓
l (w)
〉
= (z − w)−δk,l .(3.8)
Proof. Let ǫ ∈ {±1}.
Equations (3.3)-(3.6) follow from〈
z±ǫHi,0eǫα¯j
〉
= z±Ai,jd±Ai,jMi,j/2,〈
exp
(
±ǫH+i (z)
)
exp
(
ǫH−i (w)
)〉
=
(
1− q
w
z
)∓Ai,i/2 (
1− q−1
w
z
)∓Ai,i/2
,〈
exp
(
±ǫH+i (z)
)
exp
(
ǫH−j (w)
)〉
=
(
1− d−Mij
w
z
)∓Ai,j
(i 6= j).
The equations (3.7) and (3.8) follow from〈
z±ǫck,0eǫcl
〉
= z±δk,l ,〈
exp
(
±ǫc+k (z)
)
exp
(
ǫc−l (w)
)〉
=
(
1−
w
z
)∓δk,l
.
These contractions are checked by a straightforward computation. 
Let ∂z be the q-difference operator
∂zf(z) =
f(qz)− f(q−1z)
(q − q−1)z
.
Theorem 3.3. The following expressions define a graded admissible Em|n−module structure of level
(1, 0) on FΛ.
C = q, K±1i = q
±αi,0 , Hi,r = Hi,r (i ∈ Iˆ),
Ei(z) = Γ
+
i (z) (i ∈ Iˆ
+),
Fi(z) = Γ
−
i (z) (i ∈ Iˆ
+),
Em(z) = d
m : Γ+m(z)C
+
m(d
mz) : ,
Fm(z) =: Γ
−
m(z) ∂z[C
−
m(d
mz)] : ,
Ei(z) = d
(2m−i) : Γ+i (z)C
+
i (d
2m−iz) ∂z[C
−
i−1(d
2m−iz)] : (i ∈ Iˆ−),
Fi(z) = d
(2m−i) : Γ−i (z)C
+
i−1(d
2m−iz) ∂z[C
−
i (d
2m−iz)] : (i ∈ Iˆ−),
E0(z) =: Γ
+
0 (z) ∂z [C
−
m+n−1(d
m−nz)] : ,
F0(z) = d
m−n : Γ−0 (z)C
+
m+n−1(d
m−nz) : .
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Proof. The C,K relations are clear.
The H-H , H-E and H-F relations follow from Lemma 3.1. Note that Hi,r commutes with cj(z)
for all possible i, j.
We now check the E-E relations.
If i = j ∈ Iˆ+, it follows from (3.3) that
Γ+i (z)Γ
+
i (w) = Γ
+
i (w)Γ
+
i (z)
(
z − q−2w
q−2z − w
)Ai,i/2
,
which is equivalent to the E-E relation.
If i ∈ Iˆ+, j ∈ Iˆ and i 6= j we use (3.4) to get
Γ+i (z)Γ
+
j (w) = Γ
+
j (w)Γ
+
i (z)
(
dMi,jz − q−1w
w − dMi,jq−1z
)Ai,j ε(i, j)
ε(j, i)
,
but in this case ε(i, j) = (−1)Ai,jε(j, i), which is the needed sign.
The cases with i ∈ Iˆ− or i = j ∈ Iˆ1 follow from the above equations noting that ε(i, j) = ε(j, i)
and, by (3.7) and (3.8), 〈
C±i (z)C
±
j (w)
〉〈
C±j (w)C
±
i (z)
〉 = 〈C±i (z)C∓j (w)〉〈
C∓j (w)C
±
i (z)
〉 = (−1)δi,j .
If i 6= j ∈ Iˆ1, we have ε(i, j) = (−1)δm,1+1ε(j, i). Thus,
Ei(z)Ej(w) = (−1)
δn,1+δm,1+1Ej(w)Ei(z)
(
dMi,jz − q−1w
w − dMi,jq−1z
)Ai,j
.
Therefore, the E-E relations hold for all i, j ∈ Iˆ.
The F -F relations are analogous.
The E-F relations are trivial for |i − j| > 1. For i or j ∈ Iˆ+ with i 6= j, it follows directly from
(3.6).
If i ∈ Iˆ− ∪ {m} and j = i+ 1, we have
〈Ei(z)Fi+1(w)〉 = 〈Fi+1(w)Ei(z)〉
= d4m−2i−1
〈
Γ+i (z)Γ
−
i+1(w)
〉 〈
C+i (d
2m−iz)C+i (d
2m−i−1w)
〉
= d6m−3i−3/2.
Thus, [Ei(z), Fi+1(w)] = 0.
The case i ∈ Iˆ− ∪ {0} and j = i − 1 is treated similarly. Due to the presence of the q-difference
operators ∂z and ∂w in a non-trivial contraction, the expansion of : Ei(z)Fj(w) : has four normal-
ordered summands. However, the coefficient of each summand is a Laurent polynomial. Thus,
[Ei(z), Fi−1(w)] = 0.
If i = j ∈ Iˆ+, we have〈
Γ+i (z)Γ
−
i (w)
〉
=
(
1
(z − qw)(z − q−1w)
)
(|z| ≫ |w|),
〈
Γ−i (w)Γ
+
i (z)
〉
=
(
1
(z − qw)(z − q−1w)
)
(|w| ≫ |z|).
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We can change the region where the second rational function is expanded to the same region as
the first one by adding δ-functions(
1
(z − qw)(z − q−1w)
)
= (|w| ≫ |z|)(3.9)
=
(
1
(z − qw)(z − q−1w)
)
+
1
qw2(q − q−1)
δ
(
q
w
z
)
+
1
qz2(q−1 − q)
δ
(
q
z
w
)
(|z| ≫ |w|).(3.10)
Now,
1
qw2(q − q−1)
δ
(
q
w
z
)
: Γ+i (z)Γ
−
i (w) :=
1
(q − q−1)
δ
(
q
w
z
)
K+(w),
1
qz2(q−1 − q)
δ
(
q
z
w
)
: Γ+i (z)Γ
−
i (w) := −
1
(q − q−1)
δ
(
q
z
w
)
K−(z).
Therefore, the E-F relations follow for i = j ∈ Iˆ+.
For i = j = 0 we have
E0(z)F0(w) = d
m−n : Γ+0 (z)Γ
−
0 (w) : ∂z [C
−
m+n−1(d
m−nz)]C+m+n−1(d
m−nw),
F0(w)E0(z) = d
m−n : Γ−0 (w)Γ
+
0 (z) : C
+
m+n−1(d
m−nw) ∂z[C
−
m+n−1(d
m−nz)].
Then,
[E0(z), F0(w)] =: Γ
+
0 (z)Γ
−
0 (w) : ∂z
[
1
w
δ
(w
z
)]
=
1
zw(q − q−1)
(
δ
(
q
w
z
)
− δ
(
q
z
w
))
: Γ+0 (z)Γ
−
0 (w) : .
Thus, the E-F relations also follow for i = 0. The case i = m is analogous and the case i ∈ Iˆ− is
longer, but checked by the same procedure.
In any admissible representation, it is enough to check the quadratic relations, then the Serre
relations follow automatically. Namely, the Serre relations are checked by commuting each summand
and passing to a common region of convergence of the rational functions by adding suitable δ-
functions. We check the quartic relation (2.12) with i = m as an example.
Write the ten summands in (2.12) as follows. Let
Em(z1)Em+1(w1)Em(z2)Em−1(w2) = E.(3.11)
Then, using the E-E relations, write the remaining terms of (2.12) in the form
Em+1(w1)Em(z2)Em−1(w2)Em(z1) = −
(dz1 − q
−1w2)(dz1 − qw1)
(dq−1z1 − w2)(dqz1 − w1)
E,(3.12)
Em(z1)Em−1(w2)Em(z2)Em+1(w1) =
(dz2 − q
−1w2)(dqz2 − w1)
(dz2 − qw1)(dq−1z2 − w2)
E,(3.13)
Em+1(w1)Em(z1)Em−1(w2)Em(z2) =
(dz2 − q
−1w2)(dz1 − qw1)
(dq−1z2 − w2)(dqz1 − w1)
E,(3.14)
Em−1(w2)Em(z1)Em+1(w1)Em(z2) =
(dz2 − q
−1w2)(dz1 − q
−1w2)
(dq−1z2 − w2)(dq−1z1 − w2)
E,(3.15)
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Em−1(w2)Em(z2)Em+1(w1)Em(z1) = −
(dz1 − q
−1w2)(dz1 − qw1)(dqz2 − w1)(dz2 − q
−1w2)
(dq−1z1 − w2)(dqz1 − w1)(dz2 − qw1)(dq−1z2 − w2)
E,(3.16)
Em(z2)Em+1(w1)Em(z1)Em−1(w2) = −
(dz1 − q
−1w2)(dz1 − qw1)(dqz2 − w1)
(dqz1 − w1)(dz2 − qw1)(dz1 − q−1w2)
E,(3.17)
Em(z2)Em−1(w2)Em(z1)Em+1(w1) = −
(dz1 − q
−1w2)(dqz2 − w1)(dqz1 − w1)
(dq−1z1 − w2)(dqz1 − w1)(dz2 − qw1)
E,(3.18)
− [2]Em(z1)Em+1(w1)Em−1(w2)Em(z2) = −[2]
(dz2 − q
−1w2)
(dq−1z2 − w2)
E,(3.19)
− [2]Em(z2)Em+1(w1)Em−1(w2)Em(z1) = [2]
(dz1 − q
−1w2)(dz1 − qw1)(dqz2 − w1)
(dq−1z1 − w2)(dqz1 − w1)(dz2 − qw1)
E.(3.20)
The rational functions of the r.h.s. of the equations (3.12)-(3.20) are expanded in the region given
by the increasing order of appearance of the coordinates in the l.h.s.. For example, the rational
function in equation (3.12) is expanded in the region |w1| ≫ |z2| ≫ |w2| ≫ |z1|.
Summing up l.h.s. of equations (3.11)-(3.20) we get the expansion of (2.12). The sum of the
rational functions in the r.h.s. vanishes as a rational function. However, similar to E-F relation, we
must switch to the common convergence region and verify that the coefficients of the delta functions
yielded also vanish at the respective support, cf., (3.9).
For example, we choose |z2| ≫ |w2| ≫ |z1| ≫ |w1| as a common region. The rational function in
the r.h.s. (3.14) in this region becomes
(dz2 − q
−1w2)(dz1 − qw1)
(dq−1z2 − w2)(dqz1 − w1)
+ (1− q−2)(1− q2)δ
(
dqz1
w1
)
δ
(
dz2
qw2
)
−
−
(dz2 − q
−1w2)(1− q
2)
q(dq−1z2 − w2)
δ
(
dqz1
w1
)
−
(1− q−2)(dz1 − qw1)
q−1(dqz1 − w1)
δ
(
dz2
qw2
)
.
Other terms are similar. After changing the region of convergence of all rational functions the
δ-functions yielded are δ
(
dz2
qw2
)
, δ
(
dqz1
w1
)
, δ
(
dqz1
w2
)
, δ
(
dqz1
w2
)
δ
(
dqz1
w1
)
and δ
(
dz2
qw2
)
δ
(
dqz1
w1
)
, and the
coefficient of each one vanishes at the respective suport.
Thus, (2.12) with i = m is proved. 
3.3. Screenings. The Em|n-modules obtained in Theorem 3.3 are not irreducible in general. To find
their irreducible quotient, we follow [K1] and [KSU], and introduce the following ξ - η system.
We set Resz(
∑
i∈Z aiz
−i) = a1.
For i ∈ Iˆ− ∪ {m}, introduce the screening operators
ξi = Resz
(
z−1C−i (z)
)
,
ηi = Resz C
+
i (z),
acting on FΛ, with Λ = Λj, j 6∈ Iˆ
1, or Λ = (1− a)Λ0 + aΛm, a ∈ Z.
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The odd operators ξi, ηi, satisfy
[ξi, ηj] = δi,j,
[ξi, ξj] = [ηi, ηj ] = 0,
FΛ = ξiηiFΛ ⊕ ηiξiFΛ,
for all i, j ∈ Iˆ− ∪ {m}.
Define
ξ =
∏
i∈Iˆ−∪{m}
ξi , η =
∏
i∈Iˆ−∪{m}
ηi.
Proposition 3.4. If Λ = Λi, i 6∈ Iˆ
1 or Λ = (1 − a)Λ0 + aΛm, a ∈ Z, the screening operators
ηi, i ∈ Iˆ
− ∪{m}, (super)commute with the Em|n-action on FΛ given by Theorem 3.3. Thus, ker η and
coker η are Em|n-modules.
Proof. It is enough to show [ηi, C
+
i (w)] = [ηi, ∂wC
−
i (w)] = 0.
Using (3.7) we have
[ηi, C
+
i (w)] = Resz[C
+
i (z), C
+
i (w)] = 0,
and by (3.8)
[ηi, ∂wC
−
i (w)] = ∂w
(
Resz[C
+
i (z), C
−
i (w)]
)
= ∂w (1) = 0.

Level 1 partially integrable representations of Uq ŝlm|n with m 6= n were constructed in [KSU] using
the formulas in Theorem 3.3 for i ∈ I and d = 1. Our space FΛ differs from theirs by the extra
current H0(z) present in U
ver
q ĝlm|n. The conjectural identification given in [K2] and [KSU] in our
context is the following.
Conjecture 3.5. We have the following identifications
V (Λi) = ker η = ηξFΛi (i ∈ I),
V ((1− a)Λ0 + aΛm) = F(1−a)Λ0+aΛm (a ∈ C \ Z),
V ((1− a)Λ0 + aΛm) = coker η = ξηF(1−a)Λ0+aΛm (a ∈ Z>0),
V ((1− a)Λ0 + aΛm) = ker η = ηξF(1−a)Λ0+aΛm (a ∈ Z≤0),
where V (Λ) is the irreducible highest weight Uverq ĝlm|n-module with highest weight Λ.
4. Evaluation homomorphism
In this section, we construct an evaluation map from Em|n to a suitable completion U˜q ĝlm|n of
Uq ĝlm|n. See Appendix B. We follow the strategy used in [FJM2].
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4.1. Fused Currents. Introduce the following fused currents in U˜q ĝlm|n
X
+(z) =
[
m+n−2∏
i=1
(
1−
zi
zi+1
)]
x+m+n−1(q
−m+n−1c−1zm+n−1) · · ·x
+
m+i(q
−m+ic−1zm+i) · · ·×
× x+m(q
−mc−1zm) · · ·x
+
i (q
−ic−1zi) · · ·x
+
1 (q
−1c−1z1)
∣∣∣
z1=···=zm+n−1=z
,
X
−(z) =
[
m+n−2∏
i=1
(
1−
zi+1
zi
)]
x−1 (q
−1c−1z1) · · ·x
−
i (q
−ic−1zi) · · ·x
−
m(q
−mc−1zm)×
× · · ·x−m+i(q
−m+ic−1zm+i) · · ·x
−
m+n−1(q
−m+n−1c−1zm+n−1)
∣∣∣
z1=···=zm+n−1=z
,
k
±(z) =
m∏
i=1
k±i (q
−ic−1z)
m+n−1∏
j=m+1
k±j (q
−2m+jc−1z).
See [FJMM2] for the details on fused currents.
The homomorphism v defined in the Lemma 2.2 maps the element h0,r in the following way
v(h0,r) =
1
β0,r
γ0,rH0,r + ∑
i∈Iˆ+∪{m}
(γi,r − βi,rd
ir)Hi,r +
∑
j∈Iˆ−
(γj,r − βj,rd
(2m−j)r)Hj,r
 ,
where {γi,r}i∈Iˆ and {βi,r}i∈Iˆ are the fixed solutions of the systems (2.21) and (B.1), respectively.
For each r ∈ Z×, define
h˜0,r =
1
γ0,r
β0,rh0,r + ∑
i∈Iˆ+∪{m}
(βi,r − γi,rd
−ir)hi,r +
∑
j∈Iˆ−
(βj,r − γj,rd
−(2m−j)r)hj,r
 .
Thus, v(h˜0,r) = H0,r for all r ∈ Z
×.
Define A±r, B±r, r ∈ Z>0 by
Ar = −
q − q−1
cr − c−r
(
h˜0,r +
m∑
i=1
(c2qi)rhi,r +
m+n−1∑
j=m+1
(c2q2m−j)rhj,r
)
,
A−r =
q − q−1
cr − c−r
c−r
(
h˜0,−r +
m∑
i=1
q−irhi,−r +
m+n−1∑
j=m+1
q(−2m+j)rhj,−r
)
,
Br =
q − q−1
cr − c−r
cr
(
h˜0,r +
m∑
i=1
qirhi,r +
m+n−1∑
j=m+1
q(2m−j)rhj,r
)
,
B−r = −
q − q−1
cr − c−r
(
h˜0,−r +
m∑
i=1
(c−2q−i)rhi,−r +
m+n−1∑
j=m+1
(c−2q−2m+j)rhj,−r
)
,
and let A±(z) =
∑
r>0A±rz
∓r, B±(z) =
∑
r>0B±rz
∓r.
Let also K = q−Λm+n−1−Λ1 . We have Kx±i (z)K
−1 = q∓(δ1,i+δ−1,i)x±i (z).
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Theorem 4.1. Fix u ∈ C×. The following map is a surjective homomorphism of superalgebras
evu : Em|n → U˜q ĝlm|n with C
2 = qm−n3 :
K 7→ 1, C 7→ c, Hver(z) 7→ h(z),
Ei(z) 7→ x
+
i (d
iz), Fi(z) 7→ x
−
i (d
iz), K±i (z) 7→ k
±
i (d
iz) (i ∈ Iˆ+ ∪ {m}),
Ej(z) 7→ x
+
j (d
2m−jz), Fj(z) 7→ x
−
j (d
2m−jz), K±j (z) 7→ k
±
j (d
2m−jz) (j ∈ Iˆ−),
E0(z) 7→ u
−1eA−(z)X−(z)eA+(z)K,
F0(z) 7→ uK
−1eB−(z)X+(z)eB+(z).
Moreover, the evaluation map evu is graded: if X ∈ Em|n and deg(X) = (d0, d1, . . . , dm+n−1; dδ),
then deg(evu(X)) = (d1 − d0, . . . , dm+n−1 − d0; dδ).
Proof. For simplicity, we fix u = 1 and write ev1 = ev. The relations with no index 0 are clear.
For i ∈ Iˆ , r > 0, we have
[hi,r, e
A+(z)] = 0,
[hi,r, e
A−(z)] = zreA
−(z)c−r
 ∑
j∈Iˆ+∪Iˆ1
[rAi,j]
r
q−jr +
∑
j∈Iˆ−
[rAi,j]
r
q−(2m−j)r
 ,
[hi,r,X
−(z)] = −zrX−(z)c−r
 ∑
j∈Iˆ+∪{m}
[rAi,j]
r
q−jr +
∑
j∈Iˆ−
[rAi,j]
r
q−(2m−j)r
 .
Thus,
ev([Hi,r, E0(z)]) = z
rc−r
[rAi,0]
r
ev(E0(z)).
The H-E relations with r < 0 and the H-F relations can be checked in the same way.
To check the E-E relations we first use (A.1) and (A.2) to get
ev(E0(z)Ei(w)) = e
A−(z)
X
−(z) ev(Ei(w))e
A+(z)K
(
z − q−13 w
z − q1w
)δi,1
q−δi,m+n−1−δi,1 ,
ev(Ei(w)E0(z)) = e
A−(z) ev(Ei(w))X
−(z)eA
+(z)K
(
w − q3z
w − q−11 z
)δi,m+n−1
.
For i 6= 1, m+ n− 1, ev([E0(z), Ei(w)]) = 0 by (A.13).
For i = 1, the E-E relation reduces to(
q−1z − dw
)
eA
−(z)[X−(z)x+1 (dw)]e
A+(z)K = 0,
which follows from (A.18). The case i = m+ n− 1 is similar. The case i = 0 is checked using (A.3),
(A.4) and (A.9).
The F -F relations are verified by the same argument.
For the E-F relations
ev([E0(z), Fi(w)]) = 0 (i 6= 0),
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we proceed as in the E-E case by bringing A−(z) to the left and A+(z) to the right using (A.3)
and (A.4). The relations then follow from (A.13), (A.16) and (A.17). The same is done for
ev([Ei(z), F0(w)]) = 0 (i 6= 0).
For the i = 0 case, using (A.1),(A.6) and (A.10), we get
ev(E0(z)F0(w)) = e
A−(z)eB
−(w)
X
−(z)X+(w)eA
+(z)eB
+(w),
and similarly
ev(F0(w)E0(z)) = e
A−(z)eB
−(w)
X
+(w)X−(z)eA
+(z)eB
+(w).
By (A.20),
ev([E0(z), F0(w)]) = e
A−(z)eB
−(w) 1
q − q−1
(
δ
(
c
w
z
)
k
−(w)− δ
(
c
z
w
)
k
+(z)
)
eA
+(z)eB
+(w).
The relation (2.6) with i = j = 0 follows from
eA
−(z)eB
−(cz) = k˜−0 (z), e
A−(cw)eB
−(w) = k0(k
−(w))−1,
eA
+(cw)eB
+(w) = k˜+0 (w), e
A+(z)eB
+(cz) = k−10 (k
+(z))−1,
where k˜±0 = exp
(
±(q − q−1)
∑
r>0 h˜0,±rz
∓r
)
.
Finally, we check the Serre relations.
For the relation
ev
(
Symz1,z2[E1(z1), [E1(z2), E0(w)]q]q−1
)
= 0
we use (A.1) and (A.18) to obtain
− (q + q−1) ev (E1(z1)E0(w)E1(z2)) = −q(q + q
−1)
(
z2 − q3w
z2 − q
−1
1 w
)
ev (E1(z1)E1(z2)E0(w)) ,
ev (E0(w)E1(z1)E1(z2)) = q
2
(
z1 − q3w
z1 − q
−1
1 w
)(
z2 − q3w
z2 − q
−1
1 w
)
ev (E1(z1)E1(z2)E0(w)) .
Thus,
Symz1,z2(ev [E1(z1), [E1(z2), E0(w)]q]q−1) =
(1− q2)w
q3(w − q1z1)(w − q1z2)
Symz1,z2
(
(z1 − q
2z2) ev (E1(z1)E1(z2)E0(w))
)
= 0,
where the last equality follows from the quadratic relation for x+1 (dz1)x
+
1 (dz2).
The Serre relations in all the remaining cases are checked in the same way.
The statement about grading is straightforward. 
By Theorem 4.1, any admissible Uq ĝlm|n-module of any level c can be pulled back by evu to a
representation of Em|n with q
m−n
3 = c
2 and q2 = q
2. Such Em|n modules are called evaluation modules.
There exist another evaluation map ev
(1)
u obtained by composing the map evu for En|m with the
change of parity isomorphism (2.23). For this map we have C2 = qm−n1 .
The evaluation maps evu and ev
(1)
u prefer our choice of the vertical subalgebra related to the
zero node of the Dynkin diagram. In fact, there are evaluation maps which prefer any node. The
QUANTUM TOROIDAL ALGEBRA ASSOCIATED WITH glm|n 19
ones related to odd node m are obtained by the diagram automorphism (2.22). However, the ver-
tical subalgebras related to even nodes appear in non-standard parities, and we do not discuss the
corresponding isomorphisms or evaluation maps in this paper.
Appendix A.
In this Appendix, we collect some useful formulas for commutation relations of various currents.
Lemma A.1. For i ∈ I, we have
eA
+(z)x+i (dw)e
−A+(z) = x+i (dw)
(
z − q−13 w
z − q1w
)δi,1
,(A.1)
e−A
−(z)x+i (d
m−n+1w)eA
−(z) = x+i (d
m−n+1w)
(
w − q3z
w − q−11 z
)δi,m+n−1
,(A.2)
eA
+(z)x−i (dw)e
−A+(z) = x−i (dw)
(
z − cq1w
z − cq−13 w
)δi,1
,(A.3)
e−A
−(z)x−i (d
m−n+1w)eA
−(z) = x−i (d
m−n+1w)
(
w − cq−11 z
w − cq3z
)δi,m+n−1
,(A.4)
eB
+(z)x+i (d
m−n+1w)e−B
+(z) = x+i (d
m−n+1w)
(
z − c−1q1w
z − c−1q−13 w
)δi,m+n−1
,(A.5)
e−B
−(z)x+i (dw)e
B−(z) = x+i (dw)
(
w − c−1q−11 z
w − c−1q3z
)δi,1
,(A.6)
eB
+(z)x−i (d
m−n+1w)e−B
+(z) = x−i (d
m−n+1w)
(
z − q−13 w
z − q1w
)δi,m+n−1
,(A.7)
e−B
−(z)x−i (dw)e
B−(z) = x−i (dw)
(
w − q3z
w − q−11 z
)δi,1
,(A.8)
eA
+(z)eA
−(w) = eA
−(w)eA
+(z) (z − w)
2
(z − q2w)(z − q
−1
2 w)
,(A.9)
eA
+(z)eB
−(w) = eB
−(w)eA
+(z) (z − cq2w)(z − c
−1q−12 w)
(z − cw)(z − c−1w)
,(A.10)
eB
+(z)eB
−(w) = eB
−(w)eB
+(z) (z − w)
2
(z − q2w)(z − q
−1
2 w)
,(A.11)
eB
+(w)eA
−(z) = eA
−(z)eB
+(w) (z − c
−1q2w)(z − cq
−1
2 w)
(z − cw)(z − c−1w)
.(A.12)

Lemma A.2. The fused currents X±(z) satisfy
[x±i (z),X
±(w)] = [x±i (z),X
∓(w)] = 0 (i 6= 1, m+ n− 1),(A.13)
q(w − c−1q3z)X
+(z)x+1 (dw) = (w − c
−1q−11 z)x
+
1 (dw)X
+(z),(A.14)
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q(z − c−1q1w)X
+(z)x+m+n−1(d
m−n+1w) = (z − c−1q−13 w)x
+
m+n−1(d
m−n+1w)X+(z),(A.15)
q(z − cq1w)X
−(z)x−1 (dw) = (z − cq
−1
3 w)x
−
1 (dw)X
−(z),(A.16)
q(w − cq3z)X
−(z)x−m+n−1(d
m−n+1w) = (w − cq−11 z)x
−
m+n−1(d
m−n+1w)X−(z),(A.17)
(z − q−13 w)[X
−(z), x+1 (dw)] = (w − q3z)[X
−(z), x+m+n−1(d
m−n+1w)] = 0,(A.18)
(w − q3z)[X
+(z), x−1 (dw)] = (z − q
−1
3 w)[X
+(z), x−m+n−1(d
m−n+1w)] = 0,(A.19)
[X+(w),X−(z)] =
1
q − q−1
(
−δ
(
c
z
w
)
k
+(z) + δ
(
c
w
z
)
k
−(w)
)
,(A.20)
[X±(z),X±(w)] = 0.(A.21)

Appendix B.
In this Appendix, we set up notation involving the algebra Uq ŝlm|n.
The presentations of the superalgebra Uq ŝlm|n in Drinfeld-Jimbo and new Drinfeld forms were
given in [Y]. We recall them here using the standard choice of parity.
Let α¯i, Λ¯i, i ∈ I, be the simple roots and fundamental weights of slm|n, respectively. Let 〈·|·〉 be
the symmetric bilinear form given by 〈α¯i|α¯j〉 = Ai,j and
〈
α¯i
∣∣Λ¯j〉 = δi,j, i, j ∈ I. Let Λ0 be the affine
fundamental weight and δ be the null root of ŝlm|n. We have 〈Λ0|Λ0〉 = 〈δ|δ〉 = 〈δ|α¯i〉 =
〈
δ
∣∣Λ¯i〉 = 0,
i ∈ I, and 〈Λ0|δ〉 = 1. The remaining affine fundamental weights are Λi = Λ¯i +Λ0, i ∈ I. The affine
roots are αi = α¯i, i ∈ I, and α0 = δ −
∑
i∈I αi. Set also α¯0 = −
∑
i∈I α¯i.
In the Drinfeld-Jimbo realization, the algebra Uq ŝlm|n is generated by Chevalley type elements
ei, fi, ti, i ∈ Iˆ. The parity of generators is given by |e0| = |f0| = |em| = |fm| = 1 and 0 otherwise.
The relations are as follows.
titj = tjti,
tiejt
−1
i = q
Ai,jej ,
tifjt
−1
i = q
−Ai,jfj ,
[ei, fj ] = δi,j
ti − t
−1
i
q − q−1
,
[ei, ej ] = [fi, fj] = 0 (Ai,j = 0),
[ei, [ei, ei±1]q]q−1 = [fi, [fi, fi±1]q]q−1 = 0 (i 6∈ Iˆ
1),
[ei, [ei+1, [ei, ei−1]q]q−1 ] = [fi, [fi+1, [fi, fi−1]q]q−1 ] = 0 (i ∈ Iˆ
1, mn 6= 2),
[e2, [e0, [e2, [e0, e1]q]]]q−1 = [e0, [e2, [e0, [e2, e1]q]]]q−1 ((m,n) = (2, 1)),
[f2, [f0, [f2, [f0, f1]q]]]q−1 = [f0, [f2, [f0, [f2, f1]q]]]q−1 ((m,n) = (2, 1)),
[e1, [e0, [e1, [e0, e2]q]]]q−1 = [e0, [e1, [e0, [e1, e2]q]]]q−1 ((m,n) = (1, 2)),
[f1, [f0, [f1, [f0, f2]q]]]q−1 = [f0, [f1, [f0, [f1, f2]q]]]q−1 ((m,n) = (1, 2)).
The element t0t1 · · · tm+n−1 is central.
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In the new Drinfeld realization, the algebra Uq ŝlm|n is generated by current generators x
±
i,n, hi,r,
k±1i , c
±1, i ∈ I, n ∈ Z, r ∈ Z×, satisfying
c is central, kikj = kjki, kix
±
j (z)k
−1
i = q
±Ai,jx±j (z),
[hi,r, hj,s] = δr+s,0
[rAi,j]
r
cr − c−r
q − q−1
,
[hi,r, x
±
j (z)] = ±
[rAi,j]
r
c−(r±|r|)/2zrx±j (z),
[x+i (z), x
−
j (w)] =
δi,j
q − q−1
(
δ
(
c
w
z
)
k+i (w)− δ
(
c
z
w
)
k−i (z)
)
,
(z − q±Ai,jw)x±i (z)x
±
j (w) + (w − q
±Ai,jz)x±j (w)x
±
i (z) = 0 (Ai,j 6= 0) ,
[x±i (z), x
±
j (w)] = 0 (Ai,j = 0) ,
Symz1,z2[x
±
i (z1), [x
±
i (z2), x
±
j (w)]q]q−1 = 0 (i 6= m) ,
Symz1,z2[x
±
m(z1), [x
±
m+1(w1), [x
±
m(z2), x
±
m−1(w2)]q]q−1] = 0 (m,n > 1) ,
where x±i (z) =
∑
k∈Z x
±
i,kz
−k , k±i (z) = k
±1
i exp
(
±(q − q−1)
∑
r>0 hi,±rz
∓r
)
.
An isomorphism between the two realizations is given by
ei 7→ x
+
i,0, fi 7→ x
−
i,0, ti 7→ ki (i ∈ I),
t0 7→ c(k1k2 · · · km+n−1)
−1,
e0 7→ (−1)
n(k1k2 · · · km+n−1)
−1[x−m+n−1,0, · · · , [x
−
m+1,0, [x
−
m,0, · · · , [x
−
2,0, x
−
1,1]q−1 · · · ]q−1 ]q · · · ]q,
f0 = k1k2 · · · km+n−1[· · · [[· · · [x
+
1,−1, x
+
2,0]q, · · ·x
+
m,0]q, x
+
m+1,0]q−1 , · · ·x
+
m+n−1,0]q−1 .
Note that t0t1 · · · tm+n−1 7→ c.
The quantum affine superalgebra Uq ĝlm|n is obtained from Uq ŝlm|n in the new Drinfeld realization
by including the currents k±0 (z) subject to the same relations.
For r ∈ Z×, let
βi,r =

q(m−n−i)r + qir
qr − q−r
(i ∈ Iˆ+ ∪ {m}),
q(2m−n−i)r + q(2m−i)r
qr − q−r
(i ∈ Iˆ−).
(B.1)
Then, the elements hr =
∑
i∈Iˆ βi,rhi,r ∈ Uq ĝlm|n commute with Uq ŝlm|n ⊂ Uq ĝlm|n and satisfy
[hr, hs] = δr+s,0[(n−m)r]
1
r
cr − c−r
q − q−1
.
Set h(z) =
∑
k∈Z× hkz
−k.
We use a completion of Uq ĝlm|n, denoted by U˜q ĝlm|n, obtained by performing the following two
steps.
The algebra Uq ĝlm|n contains the group algebra of the root lattice CQ generated by ki = q
αi, i ∈ Iˆ.
As a first step, we extend it to the weight lattice in a straightforward way. Namely, let P be the ŝlm|n
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weight lattice and CP the corresponding group algebra spanned by qΛ,Λ ∈ P . We have an inclusion
of algebras CQ ⊂ CP . Let UP be the superalgebra UP = Uq ĝlm|n ⊗CQ CP with the relations
qΛqΛ
′
= qΛ+Λ
′
, q0 = 1 , qΛx±i (z)q
−Λ = q±〈Λ|αi〉x±i (z) (Λ,Λ
′ ∈ P ).
For each i ∈ I, the superalgebra UP has a Z-grading given by
degi(x
±
j,k) = ±δi,j , degi(hj,r) = degi(q
Λ) = degi(c) = 0 (j ∈ I, k ∈ Z, r ∈ Z
×,Λ ∈ P ).
There is also the homogeneous Z-grading given by
degδ(x
±
j,k) = k, degδ(hj,r) = r, degδ(q
Λ) = degδ(c) = 0 (j ∈ I, k ∈ Z, r ∈ Z
×,Λ ∈ P ).
Thus the superalgebra UP has a Z
m+n-grading given by
deg(X) =
(
deg1(X), . . . , degm+n−1; degδ(X)
)
, X ∈ UP .
As the second step, we define U˜q ĝlm|n to be the completion of UP with respect to the homogeneous
grading in the positive direction. The elements of U˜q ĝlm|n are series of the form
∑∞
j=s gj, with
gj ∈ UP , degδ gj = j.
Lemma B.1. We have an embedding
Uq ĝlm|n → U˜q ĝlm|n.

A Uq ĝlm|n-module V is admissible if for any v ∈ V there exist N = Nv > 0 such that xv = 0 for
all x ∈ Uq ĝlm|n with degδ x > N . Any admissible Uq ĝlm|n-module is also an U˜q ĝlm|n-module.
A Uq ĝlm|n-module V is called highest weight module if V is generated by the highest weight vector
v:
V = Uq ĝlm|nv, eiv = 0, k
+
0 (z)v = q
λ0v, tjv = q
λjv, i ∈ Iˆ , j ∈ I.
Highest weight Uq ĝlm|n-modules are admissible.
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